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The analytical positons, negatons, and complexitons and their interaction solutions to the coupled
Korteweg – de Vries (KdV) system are obtained via the Darboux transformation of the complex KdV
equation. Furthermore, the preferences for the nonsingular solutions are discussed.
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1. Introduction

It is well known that the Korteweg – de Vries (KdV)
equation is one of the most important nonlinear evo-
lution equations which can be used to describe weak
shallow-water waves, collisionless plasma magneto-
hydrodynamic waves, and long waves in anharmonic
crystals. In the new classification based on the prop-
erty of the spectral parameter, positon and negaton so-
lutions are associated with real eigenvalues [1, 2] and
complexiton solutions with complex eigenvalues [3].

However, both the positon and the complexiton so-
lutions for the real KdV equation are singular. Re-
cently, various general coupled KdV systems are de-
rived from some different physical problems such
as the two-wave modes in a shallow stratified liq-
uid [4], two-layer models of atmospheric dynamical
systems [5], and two-component Bose-Einstein con-
densates [6]. One of the common special cases of the
above three different physical models reads

Ut + 6VVx −6UUx +Uxxx = 0,

Vt −6UVx−6VUx +Vxxx = 0.
(1)

Some special types of nonsingular positon, negaton
and complexiton solutions of the coupled KdV equa-
tion (1) are given by Hu, Tong and Lou in [7].

However, there are many important problems, which
should be clarified. One of the most important one is
the singular or nonsingular problem. In [7], only the
analytical positons, negatons and complexitons under
some special parameter choices have been found for
the coupled KdV equation (1). Usually, all these kinds
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of excitations can be singular. Then the following ques-
tions arise: Are there any singular positons, negatons
and complexitons found for the coupled KdV equa-
tion (1) too? How can one find these kinds of singular
solutions if they exist and what are the conditions for
these types of exact solutions to be nonsingular?

In this paper, we will restudy the exact solutions of
the coupled KdV equation (1) via the Darboux trans-
formation (DT) of the complex KdV:

ut + 6uux + uxxx = 0, (2)

because the coupled KdV system (1) can be derived
simply from the real and imaginary parts (2) with

u = −U + iV, i ≡√−1. (3)

Section 2 of this paper is devoted to find both the
singular and the nonsingular positons, negatons and
complexitons with the help of the first step DT. It
is found that a single complexiton obtained from the
first step DT is always singular except that the spec-
tral parameter is real, which is related to the positon
and/or negaton case. Under some special parameter
choices, both the positons and negatons can be non-
singular. In Section 3, we discuss the exact solutions
of the coupled KdV equation (1) via the second step
DT. It is found that there are rich interaction structures
for the two-complexiton interaction solutions obtained
from the second step DT. Under some spectral param-
eter choices, the analytical positon-positon, positon-
negaton and negaton-negaton solutions can be found.
Two conjugate complexitons may form a special ana-
lytical complexiton, a breather. However, we have not
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yet found other types of analytical interaction solutions
such as complexiton-negaton interactions. The last sec-
tion contains a short summary and discussion.

2. Exact Solutions from the First Step Darboux
Transformation

It is clear that the Lax pair for the complex KdV
equation (2) has the form

φxx =−uφ −λ φ , φt =−4φxxx−6uφx−3uxφ , (4)

and the corresponding first step DT is

u′ = u + 2(ln f )xx , φ ′ = φx − fx

f
φ , (5)

where f is a wave function solution of the Lax pair (4)
with λ = λ0.

It is known that the complexiton solutions are linked
with the complex spectral parameters. Without lost of
generality, let the spectral parameter λ = λ0 = λ1 +
iλ2 ≡ (α2 − β 2) + i(2αβ ) and the seed solution u =
0, one can directly obtain the corresponding spectral
function of the Lax pair (4). The final result reads

f = cosh
[
(iα −β )x−4(iα −β )3t + δ1 + iδ2

]
, (6)

where the parameters {α,β ,δ1,δ2} are all real.
Substituting (6) into (5) yields a single complexiton

solution [3] for the complex KdV equation (2):

u =
2(iα −β )2

cosh2 [(iα −β )x−4(iα −β )3t + δ1 + iδ2]
. (7)

In general, the complexiton (7) has a singularity lo-
cated at

x = −[−6αδ1β 2 + 2α3δ1 −2β 3δ2 + β 3πk

+ 6α2δ2β −3α2πkβ
][

4αβ (β 2 + α2)
]−1

,

t =
2αδ1 + 2δ2β −πkβ

16αβ (β 2 + α2)
(k = 2n + 1, n ∈ Z). (8)

It is clear that solution (7) is always singular when α 	=
0 and β 	= 0. Therefore, the nonsingular conditions (if
exists) can only be α = 0 or β = 0, namely the spectral
parameter is associated with the real eigenvalue.

In the remaining part of this paper, we mainly fo-
cus on the nonsingular solutions such as the nonsigular
negatons, positons and complexitons.

2.1. Negaton Solution (λ = −β 2 < 0, α = 0)

In this special case, the solution (7) becomes a single
negaton solution:

u =
2β 2

cosh2(−xβ + 4tβ 3 + δ1 + iδ2)
. (9)

The negaton solution (9) is singular only for δ2 = (k +
1/2)π , k ∈ Z.

Separating the real and imaginary parts of (9), and
using (3), we obtain the negaton solutions for coupled
KdV equation:

U =
−β 2 [cos(2δ2)cosh(2β x−8β 3t −2δ1)+ 1

]
[
cosh2(β x−4β 3t − δ1)− sin2 δ2

]2 ,

V =
β 2 sin(2δ2)sinh(2xβ −8tβ 3−2δ1)[
cosh2(β x−4β 3t − δ1)− sin2 δ2

]2 . (10)

It is interesting that the analytical negaton solu-
tion (10) for U has two different kinds of characteristic
structures. The first kind of solution (for simplicity we

–6

–5

–4

–3

–2

–1

U

–2 –1 1 2 3 4
x

–4

–2

0

2

4

V

–2 –1 1 2 3 4
x

Fig. 1. Negaton solution (N1-type) of the coupled KdV sys-
tem expressed by (10) under the parameter choice β = 1.0,
δ1 = 1.0, δ2 = 1.0 at the time t = 0.
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Fig. 2. Negaton solution (N2-type) of the coupled KdV sys-
tem expressed by (10) under the parameter choice β = 1.0,
δ1 = 0.5, δ2 = 0.5 at the time t = 0.

later call it N2) possesses a similar structure to the soli-
ton solution of the real KdV equation U < 0 with one
single extremum. The second kind of negaton solution
(for simplicity we call it N1) possesses a completely
different kind of structure from that of the real KdV
equation: there are three extrema and U < 0 is valid
only in the neighbourhood of the center of the soliton
if the same boundary conditions U (±∞) = 0 are sat-
isfied. To demonstrate this point, we write down the
positions of the extrema for the field U :

xl =
1

2β

[
8tβ 3 + 2δ1 − ln

(
2 + 8ξ 2−8ξ 4

−4
√

4ξ 8 −8ξ 6 + ξ 4 + 3ξ 2

)
+ ln(2−4ξ 2)

]
,

xr =
1

2β

[
8tβ 3 + 2δ1 − ln

(
2 + 8ξ 2−8ξ 4

+ 4
√

4ξ 8 −8ξ 6 + ξ 4 + 3ξ 2

)
+ ln(2−4ξ 2)

]
,

xm =
4tβ 3 + δ1

β
, ξ = cos(δ2). (11)

Substituting (11) into (10), one can easy get the ex-
trema for the field U :

U(xl) = U(xr) =
β 2

tan2(2δ2)
, U(xm) =

−2β 2

cos2(δ2)
.

From (11) we find that U expressed by (10) possesses
three extrema in the range − 1√

2
< ξ < 1√

2
, namely

(k + 1/4)π < δ2 < (k + 3/4)π , k ∈ Z. However, if ξ
is determined by (k−1/4)π < δ2 < (k+1/4)π , k ∈ Z,
U possesses only one extremum, xm. The typical struc-
ture of these two kinds of negaton solution are shown
in Figs. 1 and 2, respectively.

2.2. Positon Solution (λ = α2 > 0, β = 0)

In the same way, the solution (7) becomes a single
positon solution:

u =
−2α2

cosh2(ixα + 4iα3t + δ1 + iδ2)
, (12)

which is singular only for δ1 = 0.
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Fig. 3. Positon solution (P1-type) of the coupled KdV system
expressed by (13) under the parameter choice α = 0.5, δ1 =
−0.5, δ2 = 0.5 at the time t = 0.
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Fig. 4. Positon solution (P2-type) of the coupled KdV system expressed by (13) under the parameter choice α = 1.0, δ1 = 1.0,
δ2 = 1.0 at the time t = 0.

Writing down the real and imaginary parts of (12), we obtain the positon solutions for the coupled KdV
equation:

U =
α2 [cosh(2δ1)cos(2αx+8α3t+2δ2)+1

]
[
cos2(αx+4α3t+δ2)+sinh2 δ1

]2 , V =
α2 sin(2αx + 8α3t + 2δ2)sinh(2δ1)[

cos2(αx + 4α3t + δ2)+ sinh2 δ1
]2 . (13)

As for the negaton case, there are two kinds of characteristic structures for the positon solution (13). The first
type of positons (P1) possesses four extrema in one period and the second type of positon solution (P2) possesses
only two extrema. To see this more clearly, we write down the location of the four extrema for the field U at the
range 0 ≤ αx + 4α3t + δ2 < π . The result reads

x1 =
1

2α

[
arctan

(
(ξ 4 −1)

√
−1− ξ 8 + 14ξ 4

ξ 2(ξ 4 + 1)
,

ξ 8 −6ξ 4 + 1
ξ 2(ξ 4 + 1)

)
−8tα3 −2δ2

]
,

x2 =
1

2α

[
arctan

(
−(ξ 4 −1)

√
−1− ξ 8 + 14ξ 4

ξ 2(ξ 4 + 1)
,

ξ 8 −6ξ 4 + 1
ξ 2(ξ 4 + 1)

)
−8tα3 −2δ2

]
,

x3 = −4tα3 + δ2

α
, x4 = −4tα3 + δ2

α
+

π
2α

, ξ = exp(δ1).

(14)

One can easy get the corresponding extremum of the
field U :

U(x1) = U(x2) =
α2

tanh2(2δ1)
,

U(x3) =
2α2

cosh2(δ1)
, U(x4) =

−2α2

sinh2(δ1)
.

It is clear that in every period, if
√

6−√
2

2 < ξ <
√

6+
√

2
2 ,

namely ln(
√

6−√
2

2 ) < δ1 < ln(
√

6+
√

2
2 ), there are four

extrema at x = x1,x2,x3, and x4. When ξ fall into the
intervals δ1 < ln(

√
6−√

2
2 ) or δ1 > ln(

√
6+

√
2

2 ), there are
only two extrema located at x = x3 and x4. Figure 3 is a
typical plot of a P1-type positon solution, while Fig. 4
is a characteristic structure of a P2-type one.

3. Interaction Solutions from the Second Step
Darboux Transformation

In the previous section, we have obtained the single
nonsingular negaton and positon solutions to the cou-
pled KdV equation via the first step DT of the complex
KdV equation by taking the seed solution u = 0. The
complexitons obtained from the first step DT are all
singular. In order to get analytic complexitons and in-
teraction solutions among negatons, positons and com-
plexitons we have to use multiple step DTs. In this sec-
tion, we discuss the interaction solutions via the second
step DT.

In the same way, taking the seed solution u = 0, then
using the spectral functions f1 and f2 with different



X.-d. Yang et al. · Exact Solutions of a Coupled KdV System 357

spectral parameters given by (6), and let

ψ = f1x f2 − f2x f1, (15)

the solution of the complex KdV equation obtained
from the second step DT reads

u = 2(lnψ)xx. (16)

If F and G are the real and imaginary parts of ψ given
by (15), respectively, then the corresponding solution
of the coupled KdV equation has the form

U =−[ln(F2 +G2)]xx, V = 2
[

arctan
G
F

]
xx

. (17)

3.1. Negaton Interaction Solution

Taking two spectral functions as follows:

f1 = cosh(−β1x + 4β 3
1 t + δ11 + iδ21),

f2 = cosh(−β2x + 4β 3
2 t + δ12 + iδ22),

(18)

the Wronskian of f1 and f2, i. e., ψ becomes

ψ = −β2 sinh(β2x−4β 3
2 t − δ12 − iδ22)

· cosh(β1x−4β 3
1 t − δ11 − iδ21)

+ β1 cosh(β2x−4β 3
2 t − δ12− iδ22)

· sinh(β1x−4β 3
1 t − δ11 − iδ21).

(19)

The real and imaginary parts of (19), F and G, can
be written as

F =
β1 + β2

2
cos(δ21 − δ22)sinh(A1 −A2)

+
β1 −β2

2
cos(δ21 + δ22)sinh(A1 + A2),

G =
β2 −β1

2
sin(δ21 + δ22)cosh(A1 + A2)

− β1 + β2

2
sin(δ21 − δ22)cosh(A1 −A2),

(20)

where A1 = β1x− 4β 3
1 t − δ11 and A2 = β2x− 4β 3

2 t −
δ12.

So the negaton interaction solution of the complex
KdV equation can be expressed by (16) and (19), and
the solution of the coupled KdV equation can be ob-
tained by substituting (20) into (17).

One finds that the solution (17) with (20) is nonsin-
gular, if the parameters satisfy

(β 2
2 −β 2

1 )
[
β 2

1 cos2(δ22)−β1β2 cot(2δ21)sin(2δ22)

−β 2
2 sin2(δ22)

]
< 0

or

(β 2
2 −β 2

1 )
[
β 2

1 sin2(δ21)−β1β2 cot(2δ22)sin(2δ21)

−β 2
2 cos2(δ21)

]
< 0.

Unlike the single negaton solution case, one can not
directly write down the explicit form of the positions
of the extrema for the field U . To demonstrate the dif-
ferent kinds of characteristic structures, firstly, we give
the approximate form of the field U for large times.
The result reads

U |t→±∞ ≈ W1[sign(±β1β 2
2 ∓β 3

1 )]

+W2[sign(±β 2
1 β2 ∓β 3

2 )],
(21)

where

W1[±] = U |A1→±∞ = U |cosh(A1)=± sinh(A1),

W2[±] = U |A2→±∞ = U |cosh(A2)=± sinh(A2).

It is found that W1[±] and W2[±] is independent with
respect to A1 and A2, respectively. Moreover, both of
them possess the characteristic structures similar to the
single negaton solution. To demonstrate this point, we
write down the positions of the extrema with respect
to W1[±]:

Ar
2[±] =

1
2

ln


(β1 ±β2)(1 + 6ξ 2

2 + ξ 4
2 + 2

√
3ξ 6

2 + 10ξ 4
2 + 3ξ 2

2 )

(β1 ∓β2)(ξ 4
2 −1)


 ,

Al
2[±] =

1
2

ln


(β1 ±β2)(1 + 6ξ 2

2 + ξ 4
2 −2

√
3ξ 6

2 + 10ξ 4
2 + 3ξ 2

2 )

(β1 ∓β2)(ξ 4
2 −1)


 , (22)

Am
2 [±] =

1
2

ln
∣∣∣∣β1 ±β2

β1 ∓β2

∣∣∣∣ , ξ2 = tan(δ22),
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Fig. 5. Negaton interaction solution (N1-N1-type) with the parameter choice β1 = 0.5, β2 = 0.8, δ11 = 1.0, δ21 = 1.0, δ12 =
0.5, δ22 = −0.5; (a) characteristic waveform at t = −5; (b) spatio-temporal evolution plot.

and the positions of the extrema with respect to W2[±]:

Ar
1[±] =

1
2

ln


(β1 ±β2)(1 + 6ξ 2

1 + ξ 4
1 + 2

√
3ξ 6

1 + 10ξ 4
1 + 3ξ 2

1 )

(β1 ∓β2)(1− ξ 4
1 )


 ,

Al
1[±] =

1
2

ln


(β1 ±β2)(1 + 6ξ 2

1 + ξ 4
1 −2

√
3ξ 6

1 + 10ξ 4
1 + 3ξ 2

1 )

(β1 ∓β2)(1− ξ 4
1 )


 ,

Am
1 [±] =

1
2

ln
∣∣∣∣β1 ±β2

β1 ∓β2

∣∣∣∣ , ξ1 = tan(δ21).

(23)

Then the extremum with respect to W1 and W2 reads

W1(Al
2) = W1(Ar

2) =
β 2

2
tan2(2δ22)

,

W1(Am
2 ) =

−4β 2
2

1 + sign(β 2
1 −β 2

2 )cos(2δ22)
,

W2(Al
1) = W2(Ar

1) =
β 2

1
tan2(2δ21)

,

W2(Am
1 ) =

−4β 2
1

1 + sign(β 2
2 −β 2

1 )cos(2δ21)
.

It is clear that W1 possesses three extrema with param-
eter choice if (β 2

1 − β 2
2 )(ξ 4

2 − 1) > 0, otherwise only
one extremum if (β 2

1 −β 2
2 )(ξ 4

2 −1)< 0. The similar re-
sult can be easily obtained with respect to W2. So, the
negaton interaction solution for U has three kinds of
characteristic structures as shown in Figs. 5, 6, and 7.

3.2. Negaton-Positon Interaction Solution

Taking the two spectral functions as

f1 = cosh(−β x + 4β 3t + δ11 + iδ21),

f2 = cosh(iαx + 4iα3t + δ12 + iδ22),
(24)



X.-d. Yang et al. · Exact Solutions of a Coupled KdV System 359

–1.8

–1.6

–1.4

–1.2

–1

–0.8

–0.6

–0.4

–0.2
0

U

–30 –25 –20 –15 –10 –5
x

(a)

–1

–0.5

0.5

1

V

–30 –25 –20 –15 –10 –5
x

–5 0 5 10 15x
–2

–1

0

1

2

3

4

t

0

4
-U

(b)

–5 0 5 10 15x
–2

–1

0

1

2

3

4

t

–2
0
2

V

Fig. 6. Negaton interaction solution (N1-N2-type) with the parameter choice β1 = 0.5, β2 = 0.8, δ11 = 1.0, δ21 = 1.0, δ12 =
0.5, δ22 = 1.0; (a) characteristic waveform at t = −10; (b) spatio-temporal evolution plot.
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Fig. 7. Negaton interaction solution (N2-N2-type) with the parameter choice β1 = 0.5, β2 = 0.8, δ11 = 1.0, δ21 = −0.5,
δ12 = 0.5, δ22 = −1.0; (a) characteristic waveform at t = −10; (b) spatio-temporal evolution plot.
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then

ψ = −β sinh(−β x + 4β 3t + δ11 + iδ21)

· cos(αx + 4α3t − iδ12 + δ22)

+ α sin(αx + 4α3t − iδ12 + δ22)

· cosh(−β x + 4β 3t + δ11 + iδ21)

(25)

and

F = +
α
2
{

sin(δ21 + A2)cosh(A1 + δ12)

+ sin(−δ21 + A2)cosh(A1 − δ12)
}

− β
2
{

cos(−δ21 + A2)sinh(A1 − δ12)

+ cos(δ21 + A2)sinh(A1 + δ12)
}
,

G = +
α
2
{

cos(−δ21 + A2)sinh(A1 − δ12)

− cos(δ21 + A2)sinh(A1 + δ12)
}

− β
2
{

sin(δ21 + A2)cosh(A1 + δ12)

− sin(−δ21 + A2)cosh(A1 − δ12)
}
,

(26)

where A1 = −β x + 4β 3t + δ11, A2 = αx + 4α3t + δ22.
So the negaton-positon interaction solution to the

complex KdV equation can be expressed by (16)
and (25), and the solution to the coupled KdV equa-
tion can be obtained by substituting (26) into (17).

The nonsingularity condition now reads

β 2 sin2(δ21)+ αβ coth(2δ12)sin(2δ21)

+ α2 cos2(δ21) > 0

or

α2 cosh2(δ12)−αβ cot(2δ21)sinh(2δ12)

−β 2 sinh2(δ12) < 0

or

α2 cosh2(δ12)−αβ cot(2δ21)sinh(2δ12)

−β 2 sinh2(δ12) > 1.

To demonstrate the different kinds of characteristic
structures of the negaton-positon interaction solution,

firstly, we take the approximate form of the field U for
the large spatial variable x. The result reads

U |x→±∞ ≈ W [sign(∓β )], (27)

where

W [±] = U |A1→±∞ = U |cosh(A1)=± sinh(A1).

It is found that W [±] is independent with respect to A1.
Moreover, the characteristic structure of W [±] is sim-
ilar to the single positon solution. To demonstrate this
point, we write down the positions of the extrema with
respect to W [±] which satisfy

cos(A1
2) =

√
α2ξ 2(3−2ξ 2)+

√
β 2(ξ 2−1)(2ξ 2+1)√

(α2 + β 2)(2ξ 2 −1)
,

cos(A2
2) =

√
β 2ξ 2(3−2ξ 2)−

√
α2(ξ 2−1)(2ξ 2+1)√

(α2 + β 2)(2ξ 2 −1)
,

cos(A3
2) =

α√
α2 + β 2

, cos(A4
2) =

β√
α2 + β 2

,

ξ = cosh(δ12). (28)

Then we have the extremum with respect to W :

W (A1
2) = W (A2

2) =
α2

tanh2(2δ12)
,

W (A3
2) =

2α2

cosh2(δ12)
, W (A4

2) =
−2α2

sinh2(δ12)
.

It is clear that W possesses four extrema with pa-
rameter choice if ξ 2 < 3

2 , otherwise it possesses only
two extrema. Unfortunately, we find it is not an easy
job to reduce the negaton-positon interaction solution
to a simple function only with respect to A1 by the ap-
proximate method. One of the possible ways is just tak-
ing A2 as constant. For simplicity let A2 = 0, then one
can easily find that the extremum property is similar to
a single negaton, namely for some parameter choice
the solution possesses three extrema and for others
only one. However, the result is too lengthy to be writ-
ten down here. To sum up, the negaton-positon interac-
tion solution has four kinds of characteristic structures
as shown in Figures 8 – 11.

3.3. Positon Interaction Solution

Taking the two spectral functions

f1 = cosh
(
iα1x + 4iα3

1 t + δ11 + iδ21
)
,

f2 = cosh
(
iα2x + 4iα3

2 t + δ12 + iδ22
)
,

(29)
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Fig. 8. Negaton-positon interaction solution (N1-P1-type) with the parameter choice α = 1.0, β = 1.0, δ11 = 1.0, δ21 = 3.0,
δ12 = 0.5, δ22 = 1.0; (a) characteristic waveform at t = 0; (b) spatio-temporal evolution plot.
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Fig. 11. Negaton-positon interaction solution (N2-P2-type) with the parameter choice α = 1.0, β = 0.7, δ11 = 1.0, δ21 = 3.0,
δ12 = 1.0, δ22 = 1.0; (a) characteristic waveform at t = 0; (b) spatio-temporal evolution plot.
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Fig. 12. Positon interaction solution (P1-P1-type) with the parameter choice α1 = 1.0, α2 = 0.7, δ11 = 1.0, δ21 = 1.0, δ12 =
0.5, δ22 = 1.0; (a) characteristic waveform at t = 0; (b) spatio-temporal evolution plot.

the Wronskian of f1 and f2 becomes

ψ = i
{

α1 sinh(iα1x + 4iα3
1 t + δ11 + iδ21)

· cosh(iα2x + 4iα3
2 t + δ12 + iδ22)

−α2 sinh(iα2x + 4iα3
2 t + δ12 + iδ22)

· cosh(iα1x + 4iα3
1 t + δ11 + iδ21)}.

(30)

The real and imaginary parts of (30), F and G, can
be written as

F =
α2 −α1

2
sin(B1 + B2)cosh(δ11 + δ12)

− α1 + α2

2
sin(B1 −B2)cosh(δ11 − δ12),

G =
α1 + α2

2
cos(B1 −B2)sinh(δ11 − δ12)

+
α1 −α2

2
cos(B1 + B2)sinh(δ11 + δ12),

(31)

where B1 = α1x + 4α3
1 t + δ21 and B2 = α2x + 4α3

2 t +
δ22.

So the positon interaction solution of the complex
KdV equation can be expressed by (16) and (30), and
the solution of the coupled KdV equation can be ob-
tained by substituting (31) into (17).

The nonsingularity condition now reads

(α2
2 −α2

1 )
[
α2

1 sinh2(δ12)−α1α2 coth(2δ11)sinh(2δ12)

+ α2
2 cosh2(δ12)

]
> 1,

or

(α2
2 −α2

1 )
[
α2

1 sinh2(δ12)−α1α2 coth(2δ11)sinh(2δ12)

+ α2
2 cosh2(δ12)

]
< 0,

or

(α2
1 −α2

2 )
[
α2

1 cosh2(δ11)−α1α2 coth(2δ12)sinh(2δ11)

+ α2
2 sinh2(δ11)] > 1,

or

(α2
1 −α2

2 )
[
α2

1 cosh2(δ11)−α1α2 coth(2δ12)sinh(2δ11)

+ α2
2 sinh2(δ11)] < 0.

According to (31), naturally, the positon interaction
solution will be a periodic function if parameters α1
and α2 satisfy∣∣∣∣α1

α2

∣∣∣∣= n1

n2
,
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Fig. 13. Positon interaction solution (P1-P2-type) with the parameter choice α1 = 1.0, α2 = 0.6, δ11 = 2.0, δ21 = 1.0, δ12 =
1.0, δ22 = 1.0; (a) characteristic waveform at t = 0; (b) spatio-temporal evolution plot.

where n1, n2 are integer and without any common di-
visor. It is clear that the corresponding typical wave-
length is

L =
2n1π
|α1| =

2n2π
|α2| ,

and the period is

T =
2n3

1π
|α3

1 |
=

2n3
2π

|α3
2 |

.

To classify the characteristic structure of the field U
of the positon interaction solution, firstly, we select
two accessorial functions as W1 = U |B1=0 and W2 =
U |B2=0. Naturally, the field U possesses three differ-
ent kinds of characteristic structures; for details, see
Figs. 12, 13 and 14.

3.4. Complexiton Interaction Solutions

Generally, the solution (17) with

f1 = cosh
[
(iα1 −β1)x−4(iα1 −β1)3t + δ11 + iδ12

]
,

f2 = cosh
[
(iα2 −β2)x−4(iα2 −β2)3t + δ21 + iδ22

]
(32)

is a singular two-complexiton interaction solution. Fig-
ure 15 displays a special interaction process of two sin-
gular complexitons represented by (17) and (32) with
the parameter choice

β1 = −α1 = −α2 = δ12 = δ22 = 1,

β2 = 2, δ11 = −π , δ21 = 3.
(33)

In a special case, the resonance of two singular com-
plexitons may form a single nonsingular resonant com-
plexiton. Actually, a nonsingular negaton is the usual
soliton and a nonsingular resonant complexiton is the
usual breather!

To demonstrate this point of view, one can take two
spectral parameters as conjugate complex numbers,
namely

λ0 = λ1 + iλ2 = (α2 −β 2)+ i(2αβ ),

λ ′
0 = λ1 − iλ2 = (α2 −β 2)− i(2αβ )

(34)

and

f1 = cosh
[
(iα −β )x−4(iα −β )3t + δ11 + iδ12

]
,

f2 = cosh
[
(iα + β )x−4(iα + β )3t + δ21 + iδ22

]
.

(35)
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Fig. 14. Positon interaction solution (P2-P2-type) with the parameter choice α1 = 1.0, α2 = 0.6, δ11 = 2.0, δ21 = 1.0, δ12 =
2.0, δ22 = 1.0; (a) characteristic waveform at t = 0; (b) spatio-temporal evolution plot.
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Fig. 15. Time evolution plot of a singular two-complexiton interaction solution represented by (17) and (32) with the param-
eter choice (33).

Substituting (35) into (15) yields

ψ = −i
{

α sinh(2β x + 24α2β t −8β 3t

− δ11 + δ21 − iδ12 + iδ22)

+ β sin(2αx−24αβ 2t + 8α3t

+ δ12 + δ22 − iδ11 − iδ21)}.

(36)

Separating the real and imaginary parts of (36), we

have

F = α cosh(A1)sin(B1)−β sinh(A2)cos(B2),
G = −α sinh(A1)cos(B1)−β cosh(A2)sin(B2),

(37)

where

A1 = 2xβ + 24tβ α2−8tβ 3− δ11 + δ21,

A2 = δ11 + δ21,

B1 = δ22 − δ12,

B2 = 2xα + 8tα3 + δ22 −24tβ 2α + δ12.

(38)
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Fig. 16. A special nonsingular complexiton resonant interac-
tion solution with the parameter choice (39) at the time t = 0.

So the complexiton interaction solution to the com-
plex KdV equation can be expressed by (16) and (36)
while the solution to the coupled KdV equation can be
obtained by substituting (37) into (17).

It is not very difficult to find that the solution (17)
with (37) is nonsingular if the parameters satisfy

α2 sin2(B1)−β 2 sinh2(A2) < 0, sin(2B1) 	= 0,

or

α2 sinh2(A2)−β 2 sin2(B1) < 0.

It is clear that, if we take A2 = 0, B1 =±π/2, the spec-
tral parameters α and β can be arbitrary real constants.
Figure 16 displays the special nonsingular complexi-
ton resonant interaction structure, a breather, with the
parameter choice

α = 4, β = 1,

δ11 = 0, δ21 = 0, δ12 = π/2, δ22 = 0
(39)

at the time t = 0, while Fig. 17 shows the detailed
breather evolution process with the same parameter se-
lections as in Figure 16.
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Fig. 17. Evolution process of the nonsingular complexiton
resonant interaction solution with the same parameter choice
as in Figure 16.

Figure 18 shows another special breather structure
with the parameter selections

α = 2, β = 1,

δ11 = ln(2), δ21 = 0, δ12 = 0, δ22 = π/2
(40)

at t = 0. In the same way, Fig. 19 is a detailed time
evolution plot of the breather shown in Figure 18.

4. Summary and Discussion

In this paper, various exact solutions of the general
coupled Korteweg – de Vries system are obtained via
the Darboux transformation of the complex KdV equa-
tion. It is found that there are two different kinds of
characteristic structures with the corresponding prefer-
ences for both cases, the single negaton and positon via
the first step DT.

With the help of the second step DT, one can gen-
erally obtain two singular complexiton interaction so-
lutions. Under some suitable choices of the param-
eters, abundant analytical negaton-negaton, negaton-
positon, positon-positon interaction solutions and reso-
nant complexiton (breather) solutions are obtained an-
alytically and displayed graphically.

Because the model equation system (1) can be ap-
plied in some different kinds of physical fields such
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Fig. 19. Evolution process of the nonsingular complexiton resonant interaction solution with the same parameter choice as in
Figure 18.

as the two-wave modes in a shallow stratified liq-
uid [4], two-layer models of atmospheric dynamical
systems [5] and two-component Bose-Einstein con-
densates [6], the soliton solutions obtained here may
be used to describe some types of possible physical
or natural phenomena. For instance, the single analyt-
ical negaton solutions may be used as some possible
alternative atmospheric blocking descriptions, the an-
alytical negaton-positon interactions may be used to
describe the interactions among the background and
blocking while the complexiton solution may be re-
sponsible for the blocking oscillations.

It is worth pointing out that making use of the com-
plex KdV equation in solving the problem is more con-
venient than the direct use of the DTs of the coupled

KdV system in [5] especially for the multiple step DTs.
It is a tedious work to find the conditions for regularity
when the solutions are complicated, say the multiple
complexiton solutions obtained from the N-step DTs
for N ≥ 3. Possible convenient ways to obtain nonsin-
gular multiple negaton-positon-complexiton solutions
are worth to be studied.
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